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Abstract 

• This paper analyzes corporate bond valuation and 
optimal call and default rules when interest rates and 
firm value are stochastic. 
 

• Exogenous models & Endogenous models 
Exogenous- the corporate issuer may be forced to 
default when firm value or asset cash flow fall too low. 
Endogenous- suppose that no such covenants exist. 
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Abstract 



Interest rate and firm value 
specifications 
• Suppose investors can trade continuously in a 

complete, frictionless, arbitrage-free financial 
market. 
 

• There exists an equivalent martingale measure 
𝒫𝒫�  under which the expected rate of return on 
all assets at time t is equal to 𝑟𝑟𝑡𝑡. 



Interest rate and firm value 
specifications 
• The interest rate is a nonnegative one-factor 

diffusion described by the equation 
 

(p11) 



Lipschitz and linear growth conditions 

• For some constant L, 𝜇𝜇 and 𝜎𝜎 satisfy 



• The value of the firm is equal to the value of its 
assets, V , independent of its capital structure.  
 

• Firm value evolves according to the equation 

Interest rate and firm value 
specifications 



Option and bond valuation 

• Pure callable bond 
𝑃𝑃𝐶𝐶 = 𝑃𝑃𝑡𝑡 − 𝑓𝑓𝐶𝐶  

• Pure defaultable bond 
𝑃𝑃𝐷𝐷 = 𝑃𝑃𝑡𝑡 − 𝑓𝑓𝐷𝐷 

• Both callable and defaultable bond 
𝑃𝑃𝐶𝐶𝐷𝐷 = 𝑃𝑃𝑡𝑡 − 𝑓𝑓𝐶𝐶𝐷𝐷 



Option and bond valuation 

• The filtration ℱ𝑡𝑡  generated by the paths of 
the interest rate and firm value. 
 

• The optimal option value at an arbitrary time t 
in the life of the option is 



Option and bond valuation 

• The optimal option value at an arbitrary time t 
in the life of the option is 

(Back) 



Option and bond valuation 

• Under the Markov interest rate specification, the 
host bond price 
 
 
 
 
 

𝑃𝑃𝐻𝐻(⋅, 𝑡𝑡) is strictly decreasing and continuous function 
(Back) 



Option and bond valuation 

 
 
 
 

 
Krylov (1980) 

 



Theorem 1. 

• The following properties hold for all three embedded 
options. 



No-Crossing Property 



Corollary & Lemma 

• Let 𝛽𝛽𝑡𝑡 ≡ 𝛽𝛽0,𝑡𝑡 = 𝑒𝑒− ∫ 𝑟𝑟𝑠𝑠𝑑𝑑𝑑𝑑
𝑡𝑡
0  



Corollary & Lemma 



Corollary & Lemma 



Corollary & Lemma 
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Corollary & Lemma 



Proof of Theorem 1. 



Proof of Theorem 1. 

 
 
 
By corollary 4,                                                ⇒ 
 



Proof of Theorem 1. 

𝑃𝑃𝜏𝜏
(1) > 𝜅𝜅(𝑉𝑉𝜏𝜏

1 , 𝜏𝜏) ⊆ 𝑃𝑃𝜏𝜏
(1) > 𝜅𝜅(𝑉𝑉𝜏𝜏

1 , 𝜏𝜏)  

𝛽𝛽𝑡𝑡,𝜏𝜏
(2)𝑃𝑃𝜏𝜏

(2) − 𝛽𝛽𝑡𝑡,𝜏𝜏
2 𝑃𝑃𝜏𝜏

2 < 0 



Proof of Theorem 1. 





Optimal Call and Default Policies 



Theorem 2. 













(Th.1) 



Pure Convertible Bond 

• To keep problems simple, we follow Acharya 
and Carpenter(2002) by assuming the market 
value of the firm 
 

• The outstanding shares of the stock increase 
by 
 



Pure Convertible Bond 

• Ignoring the effects of tax benefits and 
bankruptcy cost, after conversion: 
 

• The after-conversion stock price 
 
 



Pure Convertible Bond 

• The value to convert a bond into 𝜂𝜂 shares of 
stocks is 
 

• Pure convertible bond 
𝑃𝑃𝑃𝑃𝐶𝐶 = 𝑃𝑃𝑡𝑡 + 𝑓𝑓𝑃𝑃𝐶𝐶  

• The optimal stopping time 
𝜏𝜏 = inf 𝑡𝑡 ≥ 0: 𝑓𝑓 𝑃𝑃𝑡𝑡,𝑉𝑉𝑡𝑡, 𝑡𝑡 = 𝑧𝑧𝑉𝑉𝑡𝑡 − 𝑃𝑃𝑡𝑡 +  

 



DCC Bond 
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Numerical Methods 

• Firm value – BTT tree 
 

• Interest rate – Hull white tree model 
 

• Backward induction 
 



Numerical Methods 

• Value= max(min(cont ,min(Vt,K)-Pt) ,z*Vt-Pt); 
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